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The 216 km2 Neuenhagen Millcreeck catch ment can be char ac ter ized as a drought-sen si tive land scape in NE Ger many. It is
there fore of fun da men tal hu man in ter est to un der stand how wa ter that fell as pre cip i ta tion moves through the un sat u rated
soils and re charges ground wa ter. Ad di tion ally, a better knowl edge of nu tri ent trans port from soil to ground wa ter is im por tant,
es pe cially in land scapes with light sandy soils. For a better un der stand ing of these pro cesses a dual tracer field ex per i ment
with bro mide (Br–) and deu te rium (D2O) was car ried out some years ago. The aim of the pres ent study is to use the re sults of
this ex per i ment to model tracer trans port in the un sat u rated zone via two dif fer ent con cepts, the clas si cal de ter min is tic
advection-dis per sion equa tion and a new sto chas tic ap proach. The ad van tage of the sto chas tic mod el ling method pro posed
here for field-scale tracer ap pli ca tion is to pro duce re li able in for ma tion about ex pected to tal sol ute fluxes from the un sat u -
rated zone to ground wa ter and about mean tran sit times. More over, this al lows one to eval u ate the mass of sol ute in the soil
pro file and to de ter mine the range of wa ter ve loc ity fluc tu a tions. Field ex per i ments should be con cen trated on es ti ma tion of
fluc tu a tion of wa ter flow ve loc ity to make sto chas tic mod els more ac cu rate. To sum ma rize, this work con trib utes to new mod -
el ling meth ods for the sim u la tion of wa ter and sol ute trans port in un sat u rated sandy soils which are heavily af fected by
droughts and ir reg u lar hy dro log i cal pro cesses in the subsurface.
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INTRODUCTION

Ex per i ments con cern ing sol ute move ment through the un -
sat u rated zone show sig nif i cant fluc tu a tions of soil wa ter ve loc -
ity and pro vide ev i dence for the ex is tence of many flow paths in
the soil pro file. In a large-scale field ex per i ment, Biggar and
Niel sen (1976) ob served sol ute move ment un der twenty
ponded plots lo cated ran domly over a 150 ha field. They found
that the ve loc ity of the sol ute peak was dis trib uted lognormally
with a large co ef fi cient of vari a tion of 194%. In other stud ies
(But ters et al., 1989; Hammel et al., 1999; Wessolek et al.,
2000; Moroni et al., 2007) sim i lar pro cesses have been mea -

sured and quan ti fied. Nützmann and Maciejewski (2002) and
Nützmann et al. (2002) have shown that even for a ho mo ge -
neous un sat u rated soil col umn, sig nif i cant fluc tu a tion of wa ter
ve loc ity can oc cur de pend ing on the de gree of wa ter sat u ra tion.
It is rec og nized that sol ute dispersivity in creases with the scale
of the trans port me dium (Fried, 1975; Yeh, 1987). This ef fect of
in creas ing dispersivity for long sat u rated col umns was also re -
ported by Huang et al. (1995) and Xiong et al. (2006).
Pachepsky et al. (2000) de scribed trans port as sum ing that the
ran dom move ment of sol ute par ti cles be longs to the fam ily of
so-called Levy mo tions.

In sum mary, sol ute trans port in un sat u rated po rous me dia
at the field scale is very com plex and sev eral stud ies have
shown that the advection-dis per sion equa tion can not cor rectly
de scribe the phe nom ena ob served. These phe nom ena are re -
ferred to as non-Fickian or anom a lous dis per sion (Berkowitz
and Scher, 1995; Bromly and Hinz, 2004; Cortis and Berkowitz,
2004; Raimbault et al., 2021; Li et al., 2021).

Due to soil het er o ge ne ity, Dagan and Bresler (1979) pro -
posed a sto chas tic de scrip tion of trans port in soil. Since the spa -
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tial dis tri bu tion of the var i ous pa ram e ters (hy drau lic con duc tiv ity
at sat u ra tion, rate of re charge, sol ute ini tial con cen tra tion etc.) is
af fected by un cer tainty, they pro posed to re gard them as ran dom 
space func tions (RSFs). Thus, these vari ables are char ac ter ized 
by joint prob a bil ity den sity func tions (PDFs). Con se quently, the
flow and trans port vari ables of in ter est are also RSFs and they
can be de ter mined in terms of their sta tis ti cal mo ments only.
PDFs de scrib ing field pa ram e ters can be iden ti fied from his to -
grams of mea sured val ues. In the ap proach of Dagan and
Bresler (1979) the flow is as sumed to be ver ti cal and the soil
prop er ties are av er aged over the depth, such that all prop er ties
and flow vari ables be come RSFs of the hor i zon tal co or di nates
only. The above as sump tion of one-di men sional flow in the ver ti -
cal di rec tion, i.e., re gard ing the po rous me dium as a col lec tion of
ver ti cal col umns, con sid er ably sim pli fies the mod el ling of flow
and trans port un der quite gen eral con di tions of tran sient bound -
aries and com plex sol ute be hav iour. Such mod els, which con -
sider wa ter flow in the field as a set of par al lel soil col umns with
their lo cal advection-dis per sion pa ram e ters, are called sto chas -
tic stream tube mod els (STMs). STMs have been used to de -
scribe sol ute move ment in soil for var i ous field ex per i ments (see
e.g., Amoozegard-Fard et al., 1982; Jaynes and Bow man, 1988;
Tilahun et al., 2005; Claes et al., 2019). The the o ret i cal back -
ground of STMs has been dis cussed in de tail by Toride and Leij
(1996a, b), who also de vel oped pro ce dures for its ap pli ca tion to
both re ac tive and non-re ac tive sol utes un der chem i cal equi lib -
rium and non-equi lib rium con di tions.

To un der stand the mech a nisms of nu tri ent trans port in the
un sat u rated zone as ba sic prin ci ples for a dif fuse in put of these
chem i cals into sur face wa ter, ex per i men tal in ves ti ga tions have
been car ried out at the Erpe River test site (Tischner, 2000). As
one re sult, a strong de pend ence of leach ing from subsurface
hy dro log i cal con di tions, i.e. short-term changes in ver ti cal flow
ve loc i ties, was de tected (Nützmann and Tischner, 2000). 

The aim of the pres ent study is to use re sults of a dual tracer 
field ex per i ment with bro mide (Br–) and deu te rium (D2O), re -
ported in Berg et al. (2001), for mod el ling tracer trans port in the
un sat u rated zone with two dif fer ent con cepts, the clas si cal de -
ter min is tic advection-dis per sion equa tion and a new sto chas tic
ap proach. In the Ma te ri als and Meth ods sec tion, the field ex -
per i ment is briefly de scribed. Based on mea sured hy dro-cli ma -
tic and hy dro log i cal quan ti ties (pre cip i ta tion, ten sion), and es ti -
mated soil hy drau lic func tions, a phys i cally-based 1D wa ter flow 

model has been ap plied and ver i fied. Re sults show that sol ute
trans port can not be suc cess fully sim u lated us ing a 1D de ter -
min is tic advection-dis per sion model. Next, a sto chas tic tracer
trans port model based on the con cept of Chan and Govindaraju 
(2006) was de vel oped and tested against the break through
data. In the fi nal sec tion of the pa per we pres ent re sults that
high light the strengths and weak nesses of these meth ods. 

MATERIAL AND METHODS

DESCRIPTION OF THE DUAL TRACER EXPERIMENT

The Erpe catch ment area con sists of hy drau li cally con duc -
tive sandy ho ri zons in the un sat u rated zone and in the un con -
fined aqui fer (sat u rated hy drau lic con duc tiv ity ranges from 4.5  ×
10–5 to 1.25 × 10–4 m s–1) with a thick ness of 10 to 30 m. The soil
cover with a thick ness of be tween 0.15 and 0.45 m con sists of
fine and me dium sands with a bulk den sity of 1.65 to 1.73 g
cm–3. Based on the un sat u rated hy drau lic prop er ties of the un -
sat u rated zones, four ho ri zons could be dis tin guished, where
po ros i ties are be tween 0.31 and 0.36 (Nützmann and Tischner,
2000). The wa ter ta ble at the ex per i men tal site var ies be tween
170 and 200 cm be low the soil sur face. 

As shown in Fig ure 1, ce ramic suc tion cups for soil wa ter
sam pling and ten si om eters were ar ranged along the transect at
six lo ca tions (I–VI) at four dif fer ent depths. Around lo ca tion II
and III, an ad di tional two par al lel sam pling points (A and B) at
depths of 30 and 60 cm were in stalled to ob tain more spa tial in -
for ma tion about soil wa ter fluxes and tracer trans port. Ow ing to
their con struc tion, suc tion cups were held un der a con stant
pres sure of 0.4 bars, so that soil wa ter could flow into the col lec -
tors con tin u ously. These soil wa ter sam ples were taken weekly. 
Mea sure ments of the con cen tra tion of trac ers in the sam ples al -
lowed es ti ma tion of the flow rates of ground wa ter and of the pa -
ram e ters of hy dro dy namic dis per sion.

At the same depths, ten si om eters were used to mon i tor
pres sure head in the un sat u rated zone ev ery 60 min. 

Pre cip i ta tion was re corded hourly at the test site, and from
daily mea sured hy dro-me te o ro log i cal quan ti ties, evapo trans -
pira tion was cal cu lated us ing the Pen man-Monteith equa tion
(DVWK, 1996). Thus, a time se ries of net pre cip i ta tion was de -
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Fig. 1. Ver ti cal cross-sec tion of the field test site; dual tracer was ap plied on a 10 m2

area around the lo ca tion II



rived for the test site with a daily res o lu tion (the cu mu la tive net
pre cip i ta tion in the hy dro log i cal sum mer was 331, and 254 mm
in the hy dro log i cal win ter). 

Two ob ser va tion wells (G4, G3) al lowed sam pling of
ground wa ter in flow and out flow of the test site, with wa ter lev els
mea sured in one-week in cre ments.

Tracer in jec tion was car ried out in March. The dual tracer,
con sist ing of 60 g of so dium-bro mide and 0.5 l of wa ter con tain -
ing 99.86 atom% of deu te rium was dis solved in 200 l wa ter and
equally dis trib uted over the soil sur face on a 10 m2 area around
lo ca tion II over one hour. Thus, we have ini tial con cen tra tions of 
c0 = 232 mg l–1 for bro mide, and, c0 = 2771 mg l–1 for wa ter
traced by deu te rium. 

The amount of ir ri gated wa ter (20 mm) cor re sponds to a nor -
mal spring rain fall event. Be cause of the cli ma tic con di tions in
March, it can be as sumed that evap o ra tion did not oc cur dur ing
the tracer ap pli ca tion. Dur ing the very dry sum mer months there
is a long stag nant pe riod with out de tect able wa ter move ment in
the un sat u rated zone, thus soil wa ter sam ples were not col lected 
from the be gin ning of July through to the end of No vem ber.

FLOW AND TRANSPORT MODELLING

WATER FLOW

Anal y sis of tensiometer data showed that lat eral flow can be 
ne glected in com par i son to ver ti cal flow (Nützmann and
Tischner, 2000). There fore, a one-di men sional model was cho -
sen to sim u late field wa ter trans port. Wa ter move ment in un sat -
u rated soil is de scribed by Rich ards's equa tion 
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where: h is pres sure head [L], C is dif fer en tial wa ter ca pac ity [L–1], K is
hy drau lic con duc tiv ity [L/T], S is vol u met ric root wa ter up take rate [T–1],
z is the space co or di nate [L], in creas ing down wards, and t is time [T]. 

Ver ti cal un sat u rated/sat u rated wa ter flow was cal cu lated in
the soil pro file of 200 cm depth with the step Dz = 2 cm, us ing
the HYDRUS 1D soft ware pack age (Simunek et al., 2005). 

As ini tial con di tions, we ap plied the mea sured pres sure
head at the be gin ning of the ex per i ment. Bound ary con di tions
in clude the mea sured pres sure head at the bot tom of the soil
pro file and the net wa ter bal ance on the soil sur face. The sink
term S de scribes the rate of wa ter up take by roots. Po ten tial
evapotranspiration is cal cu lated from hy dro-cli ma tic mea sure -
ments us ing Pen man’s for mula (DVWK, 1996). Ac tual evapo -
transpiration is de pend ent on the dis tri bu tion of wa ter pres sure
head in the soil and on root den sity. Wa ter up take by plants is
de scribed by the Feddes for mula (Feddes et al., 1978, 2001):
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where: b(h) is the ef fec tive ness of wa ter up take by roots [-], ETpot is

the po ten tial tran spi ra tion [LT–1], and Lr is the root length [L]. 

For the ef fec tive ness func tion a(h) the fol low ing dis tri bu tion is 
as sumed: plants start wa ter up take if the pres sure head is
smaller than a value of h1. Max i mum wa ter up take equal to po -
ten tial tran spi ra tion ap pears for pres sure head be tween h2 and
h3. If the pres sure head in the soil is smaller than h3 , wa ter up take 
by roots de creases and is equal to zero at the point of per ma nent 

wilt ing h4. From Dirksen et al. (1993) we adopted val ues for grass 
as h1 = –10 cm, h2 = –200 cm, h3= –800 cm, h4 = –8000 cm.

Root den sity is changed with depth, fol low ing Dirksen et al.
(1993). Be tween 10 and 40 cm depth we as sumed a max i mum
root den sity, while from the soil sur face to 10 cm depth and from 
40 to 60 cm depth the den sity is 20% of the max i mum.

The un sat u rated soil pro file con sists of four lay ers. Hy drau -
lic pa ram e ters of each layer, such as re sid ual wa ter con tent qr

[L3L–3], sat u rated wa ter con tent qs [L
3L–3], sat u rated hy drau lic

con duc tiv ity Ks [LT–1], and the pa ram e ters a [L–1] and n [-] can
be de scribed by the Mualem and van Genuchten model (Kutilek 
and Niel sen, 1994). Hy drau lic pa ram e ters of the soil were mea -
sured in the lab o ra tory, and the re sults are shown in Ta ble 1
(Berg et al., 2001). A com par i son of HYDRUS 1D sim u lated val -
ues with mea sured val ues of pres sure head dur ing the ex per i -
ment is shown in Fig ure 2. With out any pa ram e ter op ti mi za tion
we ob tained a suf fi cient agree ment be tween cal cu lated and
mea sured ten sions in the soil, ex cept at a depth of 30 cm. How -
ever, the time-de pend ence of pres sure head vari a tions at this
depth is sim u lated mod er ately well. Sim u la tion of wa ter move -
ment in di cates that the dis tri bu tion of pres sure head, es pe cially
in the up per soil layer, is mainly af fected by evapotranspiration.
From the sim u lated spa tial and tem po ral dis tri bu tion of pres -
sure head, wa ter con tent through out the soil pro file can be cal -
cu lated. Fi nally, wa ter ve loc ity is es ti mated us ing Darcy’s law to
pro vide a ba sis for sol ute trans port mod el ling.

SOLUTE TRANSPORT

Tracer trans port is de scribed by the hy dro dy namic
advection-dis per sion equa tion:

¶

¶

¶

¶

¶

¶

(Cq)
q nq

t z
D

C

z
C= -

æ

è
ç

ö

ø
÷

[3]

where: C is the tracer con cen tra tion [ML-3], v rep re sents the av er age 
ve loc ity [LT-1], and D is the dis per sion co ef fi cient in the liq uid phase

[L2T-1], for mu lated by 

D = aLn + Dd [4]

where: aL is the dispersivity [L] and Dd is the mo lec u lar dif fu sion co -
ef fi cient in ground wa ter [L2T–1].

We solved Equa tion [3] nu mer i cally us ing HYDRUS 1D. As
an ini tial con di tion, we as sumed a con stant con cen tra tion
C(z,0) = C0 (C0 is the so-called back ground con cen tra tion,
which is as sumed to be 0 mg l–1 for bro mide and 120 mg l–1 for
deu te rium). Bound ary con di tions were as sumed as zero tracer
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T a  b l e  1

Hy drau lic pa ram e ters of the field soil col umn

Soil
layer

Depth

[cm]

qr

[cm3/cm3]

qs

[cm3/cm3]

b

[mbar–1]
n

Ks

[cm/d]

1 0–30 0.06 0.31 0.024 2.11 9.6

2 30–60 0.06 0.33 0.017 3.37 14.4

3 60–90 0.04 0.32 0.018 4.54 12.0

4 90–200 0.03 0.35 0.024 4.58 72.0

qr – re sid ual wa ter con tent; qs – sat u rated wa ter con tent; a, n – em -
pir i cal pa ram e ters; Ks – sat u rated hy drau lic con duc tiv ity



flux through the up per bound ary and ap ply ing a zero con cen tra -
tion gra di ent at the bot tom bound ary. 

In con trast to the un sat u rated wa ter flow model out puts dis -
cussed above, de ter min is tic trans port sim u la tion re sults dif fer
sig nif i cantly from the mea sured bro mide and deu te rium con -
cen tra tions. Fur ther more, the mea sured BTC (break through
curve) at the same depths for lo ca tion IIA and IIB, and IIIA and
IIIB, are not re ally com pa ra ble, and, in some cases a higher
max i mum con cen tra tion at the depth of 60 cm than at the depth
of 30 cm was ob served. Con cen tra tion mea sure ments have
shown that the flow of ground wa ter takes place through many
in de pend ent path ways.

This in di cates that con cen tra tion mea sure ments at one
point in the field con tain ing in for ma tion about lo cal wa ter ve loc -
ity or lo cal vol u met ric mois ture dis tri bu tion can not be ad e -
quately re pro duced by de ter min is tic mod elled tracer trans port
with mean pa ram e ters. 

A sim i lar be hav iour of a con ser va tive sol ute trans ported in an 
un sat u rated soil un der steady-state flow con di tions was ob -
served for an ex per i men tal study of de pend ence of hy dro dy -
namic dis per sion on wa ter con tent and wa ter ve loc ity fluc tu a tion
car ried out in a large soil col umn (Nützmann et al., 2002). Us ing
the hy dro dy namic dis per sion Equa tion [3] and a pro posed re la -
tion ship be tween dispersivity aL and wa ter flow ve loc ity fluc tu a -
tion, ~, (~n a n)L =  the au thors ob tained a close agree ment of their
nu mer i cal so lu tions to the ex per i men tal re sults. 

Be cause, in the field ex per i ment, a vari a tion of the max i -
mum con cen tra tion mea sured at the same depth but at dif fer ent 
ob ser va tion points for both trac ers was ob served, it could be
hy poth e sized that this may oc cur mainly due to a high fluc tu a -
tion of soil wa ter ve loc ity. Thus, the fol low ing ques tions must be
an swered: (1) how are dispersivity co ef fi cients for the soil lay ers 
to be es ti mated, and, (2) how can field tracer trans port be mod -
elled based on these co ef fi cients and point mea sure ments?

RESULTS

ESTIMATION OF LOCAL TRANSPORT PARAMETERS
FROM BTCS

Among the most im por tant in for ma tion ob tained from tracer
field mea sure ments is fluc tu a tion of wa ter ve loc ity (Jury and
Fluehler, 1992; Nützmann et al., 2002; Nichol et al., 2005;
Zhang and Xu, 2020; Jiménez-Martínez et al., 2020). This in for -
ma tion is use ful for both de ter min is tic and sto chas tic de scrip -
tions of sol ute trans port. 

Mea sured con cen tra tion dis tri bu tions at in di vid ual mea sur -
ing points were used to es ti mate lo cal ground wa ter flow rates
and lo cal hy dro dy namic dis per sion pa ram e ters. In a first step
we es ti mate the mean daily wa ter ve loc ity n( )t  and dispersivity 
aL sep a rately for each ob ser va tion point. Then, cal cu lated
break through curves are ob tained as so lu tions of the
advection-dis per sion Equa tion [3] as sum ing that the dis per sion
co ef fi cient is de scribed by Equa tion 4, which is solved us ing the
Monte Carlo method (ran dom walk model) and the fol low ing ini -
tial and bound ary con di tions:

– ini tial con di tion C(z,0) = C0 (C0 is the back ground con cen -
tra tion),
bound ary con di tions:

– t = 0 and z = 0 (soil sur face): in jected mass of tracer equals
M, a Dirac im pulse.

– t>0 and z = 0: im per me able screen. 
– t>0 and z = L (L is the depth of soil pro file): per me able

screen. 

The ran dom walk model (Bechtold et al., 2011) is based on
mod el ling of the mo tion of ar ti fi cial par ti cles of a sol ute. The
tracer mass M is di vided into N ar ti fi cial par ti cles. The change in
the po si tion of par ti cle num ber i in time Dt was cal cu lated us ing
the equa tion:
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Fig. 2. Mea sured (points) and cal cu lated (lines) pres sure head dis tri bu tion dur ing tracer
ex per i ment for dif fer ent depths



c c ni it t t t t D tN( ) ( ) ( ) ( , )+ = + +D D D2 01 [5]

where: v(t) is the wa ter ve loc ity in time t,  D is the co ef fi cient of hy -
dro dy namic-dis per sion, N(0,1) is the ran dom vari able hav ing a stan -

dard nor mal dis tri bu tion (ex pected value m = 0 and stan dard

de vi a tion s = 1). 

Con sid er ing a Rep re sen ta tive El e men tary Vol ume in the
un sat u rated zone, the tracer con cen tra tion C = m/V is pro por -
tional to the par ti cle con cen tra tion Cp = n/V, where n is the num -
ber of par ti cles cor re spond ing to the tracer mass m dis solved in
a vol ume V of soil wa ter. The ra tio of the tracer con cen tra tion to
par ti cle con cen tra tion is con stant and equals C/Cp = m/n = M/N. 
Us ing the last for mula we eval u ated the real mass of the tracer
tak ing part in mo tion as M = NCp

max/Cmax, where: Cmax is the
max i mum mea sured con cen tra tion and Cp

max is the max i mum
con cen tra tion of par ti cles. 

As an up per bound ary con di tion, a tracer sur face con cen -
tra tion at time t = 0 was as sumed. This con cen tra tion is Csurf =
M/S, where S is the area of in jec tion. This bound ary con di tion
was sep a rately es ti mated for each break through curve. Con sis -
tency of cal cu lated max i mum tracer con cen tra tion to mea sured
max i mum con cen tra tion was used as a cri te rion of cor rect ness
of bound ary con di tion set ting. The pa ram e ters were changed
un til the o ret i cal break through curves were com pat i ble with the
mea sure ment data. The lo cal ground wa ter flow ve loc ity was
cor re lated with mea sured pre cip i ta tion rates.

The in jected tracer con cen tra tions were for bro mide 
46.6 g/10 m2  = 0.466 mg cm–2 and for deu te rium
5.55 mg cm–2. For these val ues, the best com pat i bil ity of
mea sure ment and cal cu la tion re sults was ob tained.

Fig ures 3 and 4 show that mea sured and cal cu lated BTCs
for both trac ers com pared well. These re sults show that for
each ob ser va tion point we can es ti mate the flow ve loc ity as a
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A

B

Fig. 3A – com par i son of mea sured and sim u lated bro mide break through at 30 cm depth 
(lo ca tion II A); B – com par i son of mea sured and sim u lated deu te rium break through 

at 30 cm depth (lo ca tion II B)



func tion of time and dispersivity de scrib ing tracer move ment
only in this lo ca tion very well. The fit ted dispersivity val ues for all 
mea sure ment points and for both trac ers are given in Ta bles 2
and 3. They vary from 0.09 to 0.6 cm for bro mide and from 0.32
to 2.1 cm for deu te rium. In the cal cu la tions, it was as sumed that 
the in fil trat ing wa ter flows in sin gle paths with out ex change with
the en vi ron ment. 

The dif fer ence be tween the ini tial ac tual con cen tra tion and
the con cen tra tion as sumed in the cal cu la tion shows how much
of the tracer leaves a sin gle flow path. Dur ing the nat u ral flow,
mix ing is car ried out not only in the di rec tion of the flow ing
stream, but trans verse mix ing also oc curs. 

Ground wa ter is taken up by the roots of plants. Along with
ground wa ter, one of the trac ers, i.e. deu te rium, is taken up.
There fore, it is dif fi cult to com pare the con cen tra tions of both
mark ers even at the same sam pling point.

This is the cause for these es ti mated sur face tracer con -
cen tra tions – shown in Ta bles 2 and 3 – be ing ~20% of the real 
in jected tracer con cen tra tions for both sol utes, bro mide and
deu te rium.

Es ti mated wa ter ve loc i ties in the soil for all mea sure ment
points are shown in Fig ure 5A. Thin lines show wa ter ve loc ity as 
a func tion of time, cal cu lated from twelve mea sured break -
through curves; the thick line shows the re sult ing mean wa ter
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B

Fig. 4A – com par i son of mea sured and sim u lated bro mide break through at 60 cm depth 
(lo ca tion II A); B – com par i son of mea sured and sim u lated deu te rium break through

 at 60 cm depth (lo ca tion II B)



ve loc ity and ve loc ity stan dard de vi a tion in Fig ure 5B. It is ob vi -
ous that a high fluc tu a tion of wa ter ve loc ity in the soil pro file oc -
curs, which could ex plain the ob served ear lier break throughs in
deeper sam pling points than in shal low ones. 

STOCHASTIC MODEL OF SOLUTE TRANSPORT 
IN THE SOIL PROFILE

As sum ing that soil wa ter is flow ing by a num ber of in de -
pend ent path ways, we can de fine a sim ple sto chas tic model for
the trans port of tracer par ti cles as shown sche mat i cally in Fig -
ure 6. The tracer par ti cle ve loc ity for a sin gle path way with the
num ber i can be de scribed by the fol low ing sto chas tic equa tion:

n n Dni t t( ) ( ) ( ) ( , )= +t N 01 [6]

where: n is the mean wa ter ve loc ity,  Dn is the stan dard de vi a tion of
wa ter ve loc ity, t is time, and N(0,1) is a nor mally dis trib uted ran dom
vari able with a mean value 0 and a stan dard de vi a tion of 1. 

Now, tracer trans port along a path way j can be de scribed by 
di vid ing the mass of the ap plied tracer into a num ber of vir tual
par ti cles i and us ing a ran dom walk model to de scribe the
change of the po si tion of each par ti cle dur ing a time step Dt. 

z t t z t z ti j ij i j
( ) ( ) ( )+ = +D D [7]

where: zij(t) is the po si tion of the par ti cle at time t, zij(t + Dt) the po si -

tion of the par ti cle at time t + Dt, j is the par ti cle num ber which is
trans ported by flow path num ber i. 

A par ti cle’s dis place ment from time t to t + Dt is caused by
advection and dis per sion fol low ing Equa tion [8]

D n Dz t t t D tNij i( ) ( ) ( , )= + 2 01D  [8]

where: vi(t) is de scribed by Equa tion [6]. 

Thus, break through curves mea sured at dif fer ent ob ser va -
tion points are con sid ered as a sin gle re al iza tion of a de fined
sto chas tic pro cess for one path way. The mean con cen tra tion C

of tracer at depth z in the soil pro file for a sin gle re al iza tion of the 
sto chas tic model is:

C z t
N

C z t
p

i
i

Np

( , ) ( , )=
=

å
1

1

[9]

where: Np is the num ber of dif fer ent path ways and Ci is the con cen -

tra tion of tracer for the i-th path way. 

To il lus trate the dif fer ences be tween the de ter min is tic
model de scribed by the hy dro dy namic dis per sion Equa tion [3],
and the pro posed sto chas tic model, some sim u la tions are pre -
sented. The sim u la tions with this sto chas tic model were car ried
out in clud ing more than 1000 flow path ways. For com par i son,
the de ter min is tic model (3) was ap plied with the above -cal cu -
lated mean daily ve loc i ties and a value of dispersivity, which
can best de scribe dis per sion and mix ing ef fects caused by fluc -
tu a tions of wa ter ve loc ity dur ing flow through a set of path ways.
In the test case de scribed, the rel a tive fluc tu a tions of wa ter ve -
loc ity are fixed to 0.1, 0.25 and 0.4, the mean wa ter ve loc ity is v
= 1 cm d–1. For the sto chas tic model we as sumed that dis -
persivity for a sin gle path way is to 0.3 cm (it was the most fre -
quent value for all mea sured points, see Ta bles 2 and 3). 

For each case we found, by sys tem atic vari a tion of the
dispersivity, a value giv ing the best agree ment be tween the
sim u lated BTCs of both mod els. Cal cu lated re sults are de -
picted in Fig ure 7. They show that for a rel a tive wa ter ve loc ity
fluc tu a tion of 0.1 the mean BTCs de scribed by sto chas tic and 
de ter min is tic mod els are sim i lar. In such a case we can use
the de ter min is tic model with a higher dispersivity than for a
sin gle path way for sim u lat ing the mean tracer break through;
for the case de scribed here it was aL = 0.775 cm. If the rel a -
tive fluc tu a tion of wa ter flow ve loc ity in creases, the dif fer -
ences be tween both mod els also in crease. This means that
for higher het er o ge ne ity of wa ter flow ve loc ity, the de ter min -
is tic dis per sion model does not prop erly de scribe tracer
trans port. Such a sit u a tion is rec og nized in the field ex per i -
ment if the rel a tive fluc tu a tion of wa ter flow ve loc ity is higher
than 1 (see Fig. 5A). 

Us ing the sto chas tic model de scribed by equa tions 5–8,
the o ret i cal mean break through curves for bro mide are sim u -
lated for depths of 30, 60 and 90 cm (Fig. 8). Here we used val -
ues of mean daily wa ter ve loc ity n(t) and stan dard de vi a tion
from Dn(t) ex per i men tal data which are shown in Fig ures 5A,
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T a  b l e  3

Dispersivities and ini tial sur face tracer con cen tra tions
 iden ti fied from deu te rium BTCs

Mea sure ment 
point

Depth
[cm]

Dispersivity
[cm]

Es ti mated ini tial sur face
con cen tra tion

[mg/cm2]

30 30 2.1 1.0788

30A 30 0.55 1.0416

60 60 0.38 1.0064

60A 60 0.512 1.0432

60B 60 0.32 1.0328

90 90 0.35 1.0308

T a  b l e  2  

Dispersivities and ini tial sur face tracer con cen tra tions
 iden ti fied from bro mide BTCs

Mea sure ment 
point

Depth
[cm]

Dispersivity
[cm]

Es ti mated ini tial sur face 
con cen tra tion

[mg/cm2]

30 30 0.6 0.1232

30A 30 0.55 0.1352

60 60 0.2 0.1308

60A 60 0.282 0.1236

60B 60 0.09 0.1248

90 90 0.024 0.123



B. These re sults de scribe an av er age tracer trans port through
the ex per i men tal soil pro file. Ad di tion ally, we com pared these
BTCs to de ter min is tic sim u la tion re sults with mean daily wa ter
ve loc ity. Re sults shown in Fig ure 9 il lus trate tracer trans port
through a sin gle path way with mean wa ter ve loc ity and, in con -
trast to the sto chas tic sim u la tion, they do not ac cu rately de -
scribe mix ing caused by wa ter ve loc ity fluc tu a tions in the soil

pro file. Based on the cal cu la tions pre sented, we can es ti mate
the lo cal flow rates of ground wa ter in the un sat u rated zone
and the lon gi tu di nal dis per sion co ef fi cient in a given flow path.

The sim u la tion re sults shown in Fig ures 8 and 9 show the
mean be hav iour of the tracer can not be com pared with any ex -
per i men tal BTC. Such com par i sons for lo cal ex am ple tran si tion
curves are pre sented when dis cuss ing the re sults of mea sure -
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B

Fig. 5A – Es ti mated wa ter ve loc ity in field soil pro file; B – es ti ma tion of ve loc ity stan dard de vi a tion



ments. Sub stances that en ter ground wa ter from the sur face
flow through the un sat u rated zone. Es ti mat ing the in flow of sub -
stances to ground wa ter in a sat u rated zone re quires a re li able
trans port model through the un sat u rated zone.

The re sults of the ex per i ments de scribed show that trans -
port in the un sat u rated zone takes place along many in de pend -
ent flow paths with a large vari a tion in flow rate.

The sto chas tic model pre sented, tak ing into ac count the ac -
tual fluc tu a tions of ground wa ter ve loc ity, better de scribes on a
field scale the av er age trans port of sub stances en ter ing from
the ground sur face through the un sat u rated zone to the sat u -
rated zone.

CONCLUSIONS

Based on spa tially and tem po rally dis trib uted field mea sure -
ments of pres sure head in the un sat u rated zone and break -

through data from a dual tracer ex per i ment, we have tried to an -
swer the ques tion of how best to model tracer trans port in this
case. Be cause lat eral flow could be ne glected, one-di men -
sional ver ti cal tracer trans port was sim u lated us ing the clas si cal 
advection-dis per sion equa tion and a sto chas tic ap proach. Con -
nected with this was the prob lem of es ti mat ing the dispersivity
as a mean value for the advection-dis per sion equa tion or as a
wa ter ve loc ity-de pend ent pa ram e ter vary ing with the fluc tu a tion 
of flow ve loc ity dur ing the ex per i ment. 

Sim i larly to a soil col umn study (Nützmann et al., 2002) we
found that the con cept of sol ute trans port in an un sat u rated soil
which takes place by nu mer ous in de pend ent flow path ways,
each of which is rep re sented by a sin gle flow ve loc ity, is gen er -
ally ap pli ca ble. Be cause of the as sumed sto chas tic na ture of
wa ter flow in the vadose zone, it is im pos si ble to de ter mine
mean dispersivity from in situ mea sure ments at sin gle ob ser va -
tion points. Tracer break through curves mea sured at one point
do not give rep re sen ta tive in for ma tion con cern ing hy dro dy -
namic dis per sion. These break through curves show wa ter ve -
loc ity at a mea sure ment point. Us ing this in for ma tion and a
large num ber of reali sa tions (which means in de pend ent flow
paths) sto chas tic mod el ling also seems to be an ad e quate
method for sim u lat ing tracer trans port at the field scale. If the
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Fig. 6. Scheme of the sto chas tic model con cept 
with in de pend ent flow path ways 

Fig. 7. Com par i son of sto chas tic model 
and dis per sion model

Solid line: for Dv/n = 0.1 (a), 0.25 (b), 0.4 (c); dashed line

 for dif fer ent dispersivities a = 0,775 (a), 2.8 (b), 5.15 (c) cm

Fig. 8. The o ret i cal ex pected break through curves for bro mide
(sto chas tic model)

Fig. 9. The o ret i cal ex pected break through curves for bro mide 
(de ter min is tic model with a mean wa ter ve loc ity)



fluc tu a tion in the un sat u rated wa ter flow ve loc ity is small, sto -
chas tic and de ter min is tic mod el ling re sults be come sim i lar, but
with in creased ve loc ity fluc tu a tion the dif fer ences be tween both 
mod els also in crease. The mea sure ments pre sented showed
large fluc tu a tions of ground wa ter ve loc ity. In this case, only the
sto chas tic model cor rectly de scribes the mean move ment of
the tracer.

The ad van tage of the sto chas tic mod el ling method pro -
posed here for field-scale tracer ap pli ca tion is to pro duce re li -
able in for ma tion about ex pected to tal sol ute fluxes from the
un sat u rated zone to ground wa ter, or mean tran sit times.
More over, this al lows one to eval u ate the mass of sol ute in the
soil pro file and to de ter mine the range of wa ter ve loc ity fluc tu a -

tions. Field ex per i ments should be con cen trated on es ti ma tion 
of fluc tu a tions of wa ter flow ve loc ity to make sto chas tic mod els 
more ac cu rate. 
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