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A gen er al ized workflow of sci en tific pro cess re quires data to be ob tained, re pro cessed, in te grated, op tion ally trans formed,
mod elled and fi nally in ter preted in or der to un der stand the un der ly ing pro cess. This pro ce dure is af fected by both ob jec tive
and sub jec tive un cer tain ties. In par al lel with the de vel op ment of geostatistics, the role of un cer tainty has been widely in ves ti -
gated in geosciences. This has led to the in tro duc tion of new con cepts, taken for ex am ple from ther mo dy nam ics, such as en -
tropy. Pre dict ing the subsurface is an es pe cially thank less ef fort, as data are driven from spa tially highly lim ited di rect
sources. The fol low ing pa per pro vides an re view of var i ous ap pli ca tions of the Shan non en tropy the o rem in geoscience. In -
for ma tion en tropy, ini tially pro posed by Shan non (1948) pro vides an ob jec tive mea sure of over all sys tem un cer tainty. Sig nif i -
cant con cern has been fo cused on the ap pli ca tion of Shan non en tropy to pro vide an ob jec tive mea sure of joint sys tem
un cer tainty and vi su al iza tion of its spa tial dis tri bu tion. The area of ex ten sively drilled Eocene am ber-bear ing de pos its lo -
cated in the Lubelskie voivodeship was se lected as a case study to in ves ti gate the qual ity of pre dic tion sto chas tic lithofacies
mod els. The im por tance of add ing sec ond ary vari ables to a sto chas tic model is also re viewed here. Add ing new data and re -
run ning the sim u la tion al lows as sess ment of its im pact on the pre dict abil ity of a sto chas tic model. The most im por tant con -
clu sion from the study is that the de po si tion of am ber-bear ing lithofacies oc curred mostly in the north ern part of the area
in ves ti gated, as shown also by on go ing ex ploi ta tion of the de posit. 

Key words: Shan non en tropy, un cer tainty, fa cies prob a bil ity, Mul ti ple-Point Sta tis tics.

INTRODUCTION

One of the key ob jec tives in geo log i cal ex plo ra tion is to map 
the most pro spec tive ar eas. In many con cep tual min eral sys -
tem mod els, the host rock pres ence is the key fac tor that con -
trols the spa tial dis tri bu tion of re sources. Data col lected dur ing
on go ing ex plo ra tion of am ber-bear ing de pos its has shown that
the prob a bil ity of find ing am ber raw ma te rial qua dru ples when a 
spe cific lithofacies is drilled (Czury³owicz, 2013). The re li able
pre dic tion of the spa tial ar chi tec ture of this lithofacies within the
depositional se quence in ves ti gated is there fore crit i cal. This is -
sue has at tracted at ten tion (Deutsch, 1998; Wellmann and
Regenauer-Lieb, 2012) in seek ing to es tab lish a re li able mea -
sure of the pre dic tion qual ity of dis crete vari able sto chas tic
mod els. In tro duc tion of Shan non en tropy as a joint mea sure of
over all model un cer tainty al lows as sess ment of the im pact of

knowl edge- and data-driven sources of in for ma tion. The gen -
eral workflow in volves (1) se lec tion of a val i da tion sub set of
lithofacies bore hole pro files, (2) de riv ing data-driven in put pa -
ram e ters of spa tial con ti nu ity, (3) pro vid ing knowl edge-based
data by the con struc tion of train ing im ages and 3D prob a bil ity
cubes and (4) sim u la tion of lithofacies mod els us ing var i ous
sto chas tic al go rithms sup ported by dif fer ent sets of in put knowl -
edge- and data-driven in for ma tion, fol lowed by (5) cal cu la tion of 
Shan non en tropy from de rived prob a bil ity mod els.

BACKGROUND

The term en tropy orig i nates from ther mo dy nam ics and de -
scribes the state of max i mum dis or der of en ergy and its dis tri -
bu tion in an equi lib rium state. The term en tropy in in for ma tion
the ory, de fined by Shan non (1948), is des ig nated to de ter mine
the de gree of un cer tainty of the vari able in ves ti gated (Wêdro -
wska, 2010). Orig i nally, the en tropy the o rem was de vel oped to
sep a rate a trans mit ted ra dio sig nal with cer tain sta tis ti cal char -
ac ter is tics from noise. As ge ol o gists, we also face sim i lar prob -
lems in an a lyt i cal work, when cer tain sed i ment suc ces sions that 
are in dic a tive of par tic u lar sed i men tary en vi ron ments must be
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ex tracted from a some times seem ingly dis or dered pro file. This
tool has the ba sic ad van tage of com bin ing com pu ta tional sim -
plic ity with in tu itive ness and ef fi ciency of in ter pre ta tion (Doktor
et al., 2010).

The first ap pli ca tion of the in for ma tion (Shan non) the o rem
in sedimentological anal y ses aimed at the in ter pre ta tion of
cyclicity type and an in di ca tion of the ran dom ness of the in di vid -
ual lithologies an a lyzed by Markov chains (Schwarzacher,
1969; Krawczyk, 1979; Mastej, 2002). Then, for each li thol ogy,
the pre- and post-depositional en tropy was cal cu lated, and so it
was pos si ble to de ter mine the pos si ble asym me try of the
litholo gical suc ces sion. The re sults were then plot ted on Hattori
(1976) model nomograms to de ter mine the pos si ble sed i men -
ta tion en vi ron ment. For ex am ple, a zero value of predepo -
sitional en tropy for a par tic u lar lithofacies in di cates di rectly that
a lithofacies in ves ti gated is al ways un der lain by a an other par -
tic u lar lithofacies. An in crease in predepositional en tropy im -
plies a sit u a tion where there is greater di ver sity of lithofacies
that may have un der lain a par tic u lar lithofacies within the
sedimento logical pro file in ves ti gated (Krawczyk, 1980; Doktor
and Krawczyk, 2010).

A Shan non en tropy-based mea sure was pro posed by
Chiogna et al. (2012) to quan tify the di lu tion of con ser va tive sol -
utes ei ther in a given vol ume (di lu tion in dex) or in a given wa ter
flux. Bianchi and Pedretti (2017) in tro duced a new tool called an 
entrogram, a log i cal ex ten sion of the Shan non en tropy the o -
rem, to in ves ti gate fluid dy nam ics and sol ute trans port in a po -
rous aqui fer. The entrogram is a prom is ing con cept that can be
used to mea sure the over all per sis tency of pat terns of spa tial
as so ci a tion in a dis trib uted field. This pro posed mea sure al lows 
ro bust com par i sons be tween dif fer ent spa tial struc tures
(Bianchi and Pedretti, 2017).

An other ap pli ca tion of Shan non en tropy is to il lus trate the
un cer tainty of struc tural in ter pre ta tion, by sto chas tic per tur ba -
tion of strati graphic bound aries and struc tural dis con ti nu ities
(Caers, 2011). It has been shown that an in for ma tion the o rem
pro vides not only a quan ti ta tive in sight into the over all un cer -
tainty space of a struc tural and strati graphic in ter pre ta tion, but
also pro vides in for ma tion about the in ter nal con nec tion of the
in ter pre tive model with the in put data (Wellmann and Regena -
uer- Lieb, 2012). The pos si bil i ties of us ing en tropy go be yond
the vi su al iza tion of un cer tainty. For ex am ple, by in ter pret ing
struc tural fea tures on a seis mic im age in the so-called “op ti mi -
za tion loop”, it is pos si ble to eval u ate the con tri bu tion of an ad -
di tional in ter pre ta tion por tion to the to tal en tropy of the sys tem
an a lyzed. It is then nec es sary to cal cu late the dif fer en tial en -
tropy for the struc tural-strati graphic mod els (Wellmann and
Regenauer-Lieb, 2012). Un der such con di tions, Shan non en -
tropy can be seen as an al ter na tive, ob jec tive mea sure to de -
scribe the space of in ter pre ta tion un cer tainty that can be used
in par al lel with in ter pre ta tion res to ra tion tools.

Shan non en tropy pro vides an ob jec tive mea sure that also al -
lows vi su al iza tion of the spa tial dis tri bu tion of un cer tainty as so ci -
ated with the sto chas tic model of any dis crete-type vari able. The
main ad van tage of in for ma tion en tropy is the pos si bil ity of vi su al -
iz ing the spa tial vari abil ity of un cer tainty of all litho facies si mul ta -
neously, by com mu ni cat ing their prob a bil ity dis tri bu tion.

This pub li ca tion ad dresses the ap pli ca tion of the Shan non
en tropy the o rem to as sess the un cer tainty of sto chas tic litho -
facies mod els con structed by variogram-based and train ing im -
age-based al go rithms. This is sue was raised first by Deutsch
(1998), in the con text of com par ing dif fer ent cross-val i da tion
meth ods and their ap pli ca tion to spe cific sim u la tion al go rithms
of a dis crete vari able.

THEORETICAL BASICS

The vari able that was used for the com par a tive anal y sis of
dif fer ent re al iza tions of the lithofacies model was the to tal en -
tropy of in for ma tion H [1], which de scribes the lack of knowl -
edge in re la tion to the to tal space of the depositional sys tem un -
der study (Shan non, 1948; Deutsch, 1998; Wellmann and
Regenauer-Lieb, 2012). It takes the fol low ing math e mat i cal
form: 

H p p= - ×å kk

K

klog( ) [1]

where: pk is the prob a bil ity of the kth el e men tary event (k =1, …, K) 

The stud ies con ducted so far has shown that it is pos si ble to 
de ter mine whether the in tro duc tion of new (a pos te ri ori) in for -
ma tion or a change in the hy poth e sis de scrib ing lithofacies re la -
tions af fects the op ti mi za tion of the model (Deutsch, 1998;
Wellmann and Regenauer-Lieb, 2012). As in ther mo dy nam ics,
add ing en ergy into the sys tem in creases its en tropy, so the set -
ting of an ad di tional por tion of in for ma tion to the sto chas tic
model de vel oped that in cor rectly de scribe the na ture of the spa -
tial or ga ni za tion of lithofacies de ter mines sim i lar be hav iour of
Shan non en tropy (Wêdrowska, 2010). The con cept of en tropy
was de vel oped on the as sump tion that know ing the prob a bil ity
of each let ter of the al pha bet ap pear ing in the words we speak,
it is pos si ble to de fine a mea sure de scrib ing the miss ing in for -
ma tion in or der to rec re ate the full text of an in com plete or en -
crypted mes sage. At the same time, this in for ma tion should not
be linked with the mean ing of the mes sage. Thus, in for ma tion
en tropy is a mea sure of miss ing in for ma tion re quired for a com -
pre hen sive de scrip tion of the sys tem or pro cess un der study.
For a depositional sys tem con sist ing of two lithofacies, the
value of en tropy ap proaches the value of 0 when the prob a bil ity
of one of them to oc cur ap proaches 100%. In the case where at
the unsampled lo ca tion of the sto chas tic model there is an
equal prob a bil ity of each lithofacies, then the en tropy is max i -
mum and reaches the value 1 (Fig. 1).
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Fig. 1. Shan non en tropy for a 1 bit sys tem (two pos si ble
out comes) as a func tion of the prob a bil ity of the first 

out come (fol low ing Wellman and Regenauer- Lieb, 2012)



The pa ram e ter Ck de scrib ing the “close ness” to the true fa -
cies should be in ter preted as the av er age value (E) of the
prob a bil ity of fa cies k at lo ca tion ua in the val i da tion sub set of
the pro file in ves ti gated, which has not been used for the sim u -
la tion stage [2]. Its value should be 1 when we have a com -
plete set of data to de velop a re li able lithofacies model. If the
vari able takes a value <1/lithofacies num ber (as in the case of
the Górka Lubartowska de posit – 0.33), it should be as sumed
that the re li abil ity of the lithofacies model ob tained is min i mal
and com pa ra ble to the com pletely ran dom model (Deutsch,
1998).

Ck = E [p(ua; k) ÷ true = k], k = 1, ..., K [2]

How ever, in or der to com pare the re sults of the val i da tion
anal y sis, the “close ness” in re la tion to global lithofacies pro por -
tions (pk) was in tro duced.

C
c p

p

rel
k

k k

k

k K=
-

=, ,...1
[3]

Thus, the mea sure of the qual ity of the model is a vari able
which, in terms of prob a bil ity, de scribes the close ness to re al ity
(Deutsch, 1998).

CASE STUDY AREA

The sub ject of the anal y sis is the Up per Eocene Siemieñ
For ma tion of the “Górka Lubartowska” (Fig. 2) am ber de posit
(Strzelczyk and Danielewicz, 1990). De po si tion of these Up -
per Eocene strata was re lated to the tran si tion from trans gres -
sion, which de ter mined the max i mum ex tent of the Late
Eocene sea, to ma rine re gres sion that ini tially took place un -
der con di tions of en hanced sed i ment sup ply (Czury³owicz et
al., 2014). The “Górka Lubartowska” de posit is lo cated within
the pro spec tive am ber area of the north ern Lublin re gion (Fig.
2A, B). In this area, in the Mid dle and Late Eocene, on the
south ern shore of the epicontinental sea, fa vour able palaeo -
geographic and hy dro dy namic con di tions pre vailed along the
shore line to form sig nif i cant am ber re sources (Kramarska and 
Kasiñski, 2008). The Up per Eocene Siemieñ For ma tion de -
pos its were ini tially de pos ited within the prodelta zone, then
with fall ing sea level, de po si tion changed to re flect pro -
gradation of sub ma rine distributary chan nels (Ta ble 1). The
thick ness of this Up per Eocene for ma tion is 7 m on av er age.
The top of the de posit is at a depth of 10 to 24.5 m, and its
base at 13.4 to 29.2 m. In to tal, 158 bore holes were drilled,
with a to tal length of 4.093.1 m and 150 x 200 m bore hole
spac ing (Fig. 2C).

RESEARCH METHODOLOGY

The un cer tainty anal y sis pro ce dure was per formed by
sep a rat ing the bore hole da ta base into test and val i da tion sub -
sets (in clud ing bore holes 79, 87, 104, 109, 112, 142, 144A,
166A and 169; lo ca tion: see Fig. 2C). The anal y sis was con -
ducted on mul ti ple equiprobable re al iza tions of lithofacies ar -
chi tec ture (Ta ble 1) gen er ated with the use of sto chas tic sim u -

la tion al go rithms based on variograms, i.e. Se quen tial In di ca -
tor Sim u la tion – SIS and Trun cated Gaussi an Sim u la tion –
TGS (Deutsch and Journel, 1992; Deutsch, 2002; Kelkar and
Perez, 2002; Liu et al., 2005; Armstrong et al., 2011). The Mul -
ti ple Point Sta tis tics (MPS) al go rithm based on ref er ence im -
ages was also used in the com par a tive anal y sis (Caers and
Zhang, 2002; Strebelle, 2002; Har ding et al., 2004; Hu and
Chugundova, 2008; Boucher, 2011). Prob a bil ity mod els and
the fi nal most fre quent oc cur ring lithofacies model were com -
puted from 500 re al iza tions (Fig. 3). The sim u la tion al go rithms
of dis crete vari ables were ap plied to choose the most re li able
workflow of lithofacies re con struc tion, that stays in ac cor dance 
with fun da men tal laws of de po si tion pro cesses. SIS hon ours
ba sic pa ram e ters de scrib ing the spa tial struc ture of each in di -
vid ual lithofacies, as in ferred from semivariogram anal y sis.
How ever, this method does not re spect the or der ing of
lithofacies re sult ing from the na ture of the de po si tion. TGS is
rather used for sim u la tion of or dered se quences. The sim u la -
tion al go rithm it self trun cates sin gle gaussi an ran dom field into 
do mains, that are de ter mined by lithofacies rules. The Multi-
 Point Sta tis tics al go rithm is a re flec tion of the in tu itive ac tions
of a sedimento logist aimed at lithological cor re la tion. In both
cases, the key to in fer ring the oc cur rence of a lithofacies at an
unsampled lo ca tion is the spa tial re la tion ship of cor re spond ing 
lithofacies oc cur ring in an anal o gous geo met ri cal po si tion as
in the ref er ence im age rep re sent ing an anal o gous depo -
sitional se quence.

To guar an tee com pa ra bil ity of re sults, the same seed num -
ber was used dur ing the sim u la tion. This en sures that the or der
in which cells of the strati graphic model are vis ited is con stant.
This is im por tant from the point of view of the com pa ra bil ity of
build ing lo cal prob a bil ity dis tri bu tions at the stage of the sim u la -
tion pro cess. Ad di tion ally, dif fer ent chronostratigraphic pat terns 
(Mal let, 2002, 2004) within the strati graphic model were in tro -
duced (Fig. 4). The in cor po ra tion of sedimentological in ter pre -
ta tions into the sto chas tic model of depositional ar chi tec ture
took place us ing 3D prob a bil ity cubes (Gotway and Young,
2002; Strebelle et al., 2006; Levy et al., 2008a, b; Labourdette
et al., 2008). These are com puted by in te grat ing the lithofacies
depocentre map and ver ti cal pro por tion curves (Volpi et al.,
1997; Ravenne, 2002; Ravenne et al., 2002; Falivene et al.,
2006; Purkis et al., 2012; Yarus et al., 2012) us ing prob a bil ity
ag gre ga tion meth ods (Journel, 2002; Hong et al., 2007; Caers,
2011; Allard et al., 2011; Comunian et al., 2012). Con struc tion
of lithofacies depocentre maps was sup ported by the ma trix of
ver ti cal pro por tion curves that re veal the non-sta tion ary na ture
of lithofacies oc cur rence and help to de lin eate thick zones of
lithofacies ST (Fig. 5).

Cal i bra tion of var i ous data sources into the joint com bined
con di tional prob a bil ity P(A/B1B2) re quires good qual ity data
that cover the study area. In this study, par tial con di tional
prob a bil i ties are cal cu lated us ing bore hole data in the form of
a ver ti cal pro por tion curve (B1) and lithofacies depocentre
maps (B2) trans lated to prob a bil ity space by sim ple nor mal iza -
tion. Both types of data serve as a source of in for ma tion on the 
non-stationarity of lithofacies oc cur rence. Com bi na tion of
these two data sources is com pleted us ing the Tau model
which takes into ac count data re dun dancy (Fig. 6). This
means that the in flu ence of a sec ond ary vari able (B1 or B2) on
the state in ves ti gated (A) de pends on how much is “co in ci -
dence” be tween a pri ori and a pos te ri ori knowl edge. Data re -
dun dancy mea sures the “in for ma tion over lap” be tween the
sources of in for ma tion used to pre dict a state (A). This ap -
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T a  b l e  1

Lithofacies dis tin guished in the Eocene se quence of the “Górka Lubartowska” am ber de posit with their brief 
de scrip tion and in ter pre ta tion
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proach as sumes that the rel a tive con tri bu tion of source B1 to
pre dict state A is the same re gard less of the fact that you have
other source of in for ma tion B1 (Caers, 2011). Com puted 3D
prob a bil ity cubes are the rep re sen ta tion of prob a bil ity of each
lithofacies to oc cur in each cell of the strati graphic model,
based on the de lin ea tion of depositional zones and depo -
sitional trends within the se quence in ves ti gated. 

b
P A B

P A B
b

P A B

P A B
a

P A

P
1

1

1

2
2

2

1 1 1
=

-
=

-
=

-( / )

( / )
,

( / )

( / )
,

( )

(A)

[4]

P A B B
a

a b b
( / )1 2

1 2

=
+

[5]

where: b1 quan ti fies how much is not known about state A know ing
the in for ma tion B1, b2 quan ti fies how much is not known about state
A know ing the in for ma tion B2 and a quan ti fies how much is not

known about state A be fore any data is avail able (Caers, 2011). 

The com pu ta tion of the prob a bil ity of oc cur rence of each
lithofacies in the lo ca tion where it has been em pir i cally de ter -
mined, e.g. on the ba sis of the bore hole core de scrip tion, can

be car ried out by adopt ing two strat e gies for the sep a ra tion of
the val i da tion sub set: 

– by re moval of the en tire lithofacies pro file from the bore hole,
– by re moval of se lected or ran dom in ter vals of the lithofacies

pro file from the bore hole.
The first method was used in this study, as it al lows the as -

sess ment of the im pact of ad di tional vari ables in tro duc ing geo -
log i cal con cepts (e.g., 3D prob a bil ity cubes) to the sto chas tic
model to a much better ex tent, at the cost of gen er ally un der es -
ti mated re sults of the un cer tainty anal y sis (Deutsch, 1998). 

In the fi nal stage of the anal y sis, the re sults of Shan non en -
tropy and “close ness” to true lithofacies for se lected vari ants of
the lithofacies model were com pared in a scat ter plot (Fig. 7).
This di a gram was used to com pare the sce nar ios pro vided and
se lect a lithofacies model char ac ter ized by the value of en tropy
clos est to zero and close to one for the mea sure of “close ness”
to true lithofacies.

The ba sic prem ise for the se lec tion of a sto chas tic model re -
tain ing the ex pected ver ti cal or der ing of lithofacies was quan ti -
ta tive, i.e. Shan non en tropy and “close ness” to the true
lithofacies (Deutsch, 1998). These stud ies con sti tuted the last
stage of re con struc tion of the lithofacies ar chi tec ture of the Up -
per Eocene de pos its. The in puts for cal cu lat ing the pa ram e ters
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of the av er age en tropy (H), and “close ness” stan dard ized by
the global pro por tions tested lithofacies (were prob a bil ity val ues 
of lithofacies com puted within val i da tion sub sets of bore hole
pro files. These were cal cu lated with var i ous con fig u ra tions of
bore hole data and sec ond ary vari ables. A par tic u lar ad van tage
of the ap pli ca tion of the the ory of en tropy was its abil ity to vi su -
al ize to tal model un cer tainty si mul ta neously for all lithofacies of
the de posit (Fig. 8).

RESULTS

Anal y sis of the spa tial or ga ni za tion of lithofacies of am -
ber-bear ing de pos its near Górka Lubartowska show that the
prob a bil ity mod els ob tained solely on the ba sis of bore hole data 
and variograms fit ted to lithofacies pro files are char ac ter ized
gen er ally by higher en tropy com pared to those which were up -
dated with sec ond ary prob a bil ity mod els i.e. 3D prob a bil ity
cubes (Fig. 3).

Each point within Fig ure 7 cor re sponds to a sin gle sim u la -
tion pro ce dure of 500 re al iza tions of a lithofacies sto chas tic
model. Each pro ce dure uses as in put dif fer ent con cepts de -
scrib ing the spa tial or ga ni za tion of lithofacies im ple mented

through var i ous types of sec ond ary data, such as 3D prob a bil -
ity cubes, vario grams, train ing im ages, fa cies depocentre
maps and ver ti cal pro por tion curves. The en tropy dis tri bu tion
of sto chas tic mod els com puted us ing SIS shows that the pres -
ence of zones of equal prob a bil ity is lim ited to a max i mum of
two lithofacies. In turn, lithofacies mod els based on the TGS
al go rithm show a sig nif i cant in crease in en tropy greater than
1, which is also re flected in geo log i cally un re al is tic mod els
(Fig. 7). At the same time, for each of the meth ods (SIS, TGS
and MPS), a clear re duc tion in en tropy is ob served as sec ond -
ary vari ables are added, suc ces sively as ver ti cal pro por tion
curves and 3D prob a bil ity cubes (Fig. 7). The most prom is ing
re sults in cross- val i da tion anal y sis are ob tained when us ing
3D prob a bil ity cubes as sec ond ary data ob tained by the ag -
gre ga tion of con di tional prob a bil i ties of a ver ti cal pro por tion
curve P (A/B1) and depocentre maps P (A/B2) us ing a Tau
model (Caers , 2011; Allard et al., 2012).

The com par a tive stud ies per formed with the as sump tion of 
two chronostratigraphic ref er ence pat terns (Fig. 4) showed
much better-fit ting re sults for the mod els com puted us ing
onlap lay er ing (Fig. 4B). The val i da tion anal y sis per formed il -
lus trates the con tri bu tion of the sedimentological con cepts of
the non-sta tion ary na ture of spa tial or ga ni za tion of lithofacies
to wards the un der stand ing of the depositional en vi ron ment of
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these Up per Eocene de pos its. Nev er the less, when choos ing
the most op ti mal set of in put pa ram e ters, such as variograms,
ver ti cal pro por tion curves and 3D prob a bil ity cubes, it was not
only the re al iza tions meet ing the cri te ria of min i mum en tropy
and “close ness” to true lithofacies equal to one that were
taken (Fig. 7). An other cru cial cri te rion that had to be met was
the ver ti cal lithofacies or der ing in ferred from Markov chain
anal y sis (Ta ble 2). Among all the sim u la tion meth ods used,
these cri te ria were not met by the re al iza tions com puted us ing
the al go rithm of SIS. The anal y sis also showed that the re al -
iza tions based on the o ret i cal mod els of variograms fit ted only
to bore hole pro files have a higher en tropy com pared to the re -
al iza tions, which were based on the vario grams built on the
ba sis of the ref er ence im age used in the Mul ti ple-Point Sim u -
la tion (Figs. 5 and 6). In this case, the key role was the rel a -
tively high nug get ef fect com pared to to tal vari ance. Its pres -
ence re sulted from the short-range spa tial vari a tion of litho -
facies ar chi tec ture that was not able to be in ferred from ex plo -
ra tion drill ing bore hole spac ing (Olea, 1995; Namys³owska-
 Wilczyñska, 2006). This ef fect is mag ni fied when us ing the
TGS al go rithm, which is based on a sin gle 3D variogram of
nor mal ized data.

Fit ted the o ret i cal mod els of variograms in the ver ti cal and
hor i zon tal di rec tions were com plex and con tained two com po -

nents – spher i cal and nug get (sensu Stach, 2009). The share of 
the nug get ef fect, reach ing 45% of the to tal nor mal ized semi -
variance, is much higher than in the case of the in di ca tor
variograms of in di vid ual lithofacies (Ta bles 3 and 4), used dur -
ing the se quen tial in di ca tor sim u la tion. This is the re sult of the
com pletely dif fer ent spa tial struc ture and ge om e try of the bod -
ies that build lithofacies of this Up per Eocene se quence. This
ef fect is also en hanced by post-depositional Neo gene and Qua -
ter nary ero sion, which prob a bly con trib uted to the blur ring of the 
main di rec tions of their con ti nu ity. Mod el ling the spa tial struc -
ture of lithofacies si mul ta neously us ing only a sin gle and lin ear
com bi na tion of ac cept able math e mat i cal func tions makes it im -
pos si ble to take into ac count the in di vid ual fea tures of the struc -
ture of vari abil ity of lithofacies re sult ing from spe cific hy dro dy -
namic con di tions dur ing their de po si tion (Gringarten and
Deutsch, 2001).

These con sid er ations con cern ing the im pact of the nug get
ef fect of in di ca tor and nor mal ized semivariograms on the sim u -
la tion pro cess (Ta bles 3 and 4) also af fect the re sults of Shan -
non en tropy. The “gran u lar ity” vis i ble in the re al iza tions is the
re sult of the lack of re pro duc tion of the same lithofacies in
nearby cells and in in di vid ual sto chas tic re al iza tions, mak ing
them unique and in de pend ent (Fig. 7). Con se quently, the high
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T a  b l e  4

Semivariogram pa ram e ters of fit ted variogram mod els con structed with the as sump tion 
of a baselap chronostratigraphic frame work 

Par tial sill 
vari ance (C”)

Struc ture
type

Max i mum hor i zon tal
 range (amax)/az i muth

Min i mum range
(amin)

Ver ti cal
range (avert)

FD
0.033

0.002

spher i cal

Gaussi an

555/90

1350/90

384

900

13.8

µ

ST 0.226 spher i cal 622/60 458 11.7

FSm 0.226 spher i cal 660/45 456 16.25

T a  b l e  3

Semivariogram pa ram e ters of fit ted in di ca tor variogram mod els con structed 
with the as sump tion of an onlap chronostratigraphic frame work 

Par tial sill 
vari ance (C”)

Struc ture
type

Max i mum hor i zon tal
range (amax)/az i muth

Min i mum range
(amin)

Ver ti cal
range (avert)

FD

0.005

0.045

0.025

0.023

nug get (C0)

spher i cal

spher i cal

spher i cal

–

384/90

2860/90

4000/90

–

300

2444

4000

–

8.71

7.17

µ

ST
0.01

0.23

nug get (C0)

spher i cal

–

622/60

–

395

–

6.7

FSm 0.23 spher i cal 652/45 400 7.2

T a  b l e  2

Re sults of Markov chain anal y sis

A – tran si tion count ma trix

A FD ST FSm Sum ®

FD – 0 0 0

ST 23 – 6 29

FSm 10 50 – 60

Sum ¯ 33 55 6 –

B – tran si tion prob a bil ity ma trix 

B FD ST FSm

FD – 0.00 0.00

ST 0.79 – 0.21

FSm 0.16 0.83 –

C – sig nif i cant fa cies tran si tions ma trix

C FD ST FSm

FD – – –

ST 39.77 – –

FSm – 43.11 –

Reg u lar fa cies tran si tions in per cent age scale at de gree of free dom a = 0.5 
are shown in bold (Staòová et al., 2009)



en tropy val ues ob tained in di cate an al most equal prob a bil ity of
the oc cur rence of each lithofacies.

At the fi nal stage of the of the un cer tainty anal y sis of the
lithofacies model, a re con struc tion was se lected that met both
para met ric (i.e. a mean Shan non en tropy close to 0 and “close -
ness” to true lithofacies ap proach ing to 1) and geo log i cal cri te -
ria (i.e. a ver ti cal or der ing of lithofacies con sis tent with the re -
sults of the Markov chain anal y sis – Ta ble 2). From among mul -
ti ple mod el ling sce nar ios (Fig. 7), a strati graphic model com -
puted with onlap lay er ing was se lected us ing the Mul ti ple Point
Sta tis tics al go rithm (Strebelle, 2002; Strebelle et al., 2006;
Strebelle and Levy, 2008) based on the ref er ence im age (Fig.
6) and 3D prob a bil ity cube (ag gre gated with Tau model) (Fig.
5). The spa tial dis tri bu tion of Shan non en tropy in di cates that
the pres ence of ar eas with in creased en tropy co in cides al most
ex clu sively with zones of interfingering lithofacies (Fig. 8). It is
there fore as sumed that ad di tion of ad di tional aux il iary vari -
ables, in the form of 3D prob a bil ity cubes, which in cor po rate the 
high est or der of in for ma tion on the spa tial non-stationarity of
lithofacies, sig nif i cantly re duces the over all un cer tainty of the
re con struc tion of depositional sys tem ar chi tec ture.

Com par ing sim u la tion al go rithms based solely on vario -
grams, it can be seen that the mod els de vel oped us ing the

Trun cated Gaussi an Sim u la tion al go rithm, re gard less of the
aux il iary data as an in put, show a rel a tively higher to tal Shan -
non en tropy (Fig. 9).
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sto chas tic sim u la tion al go rithms of dis crete vari ables



CONCLUSIONS

In te gra tion of aux il iary data into a joint con di tional prob a bil -
ity model, de scrib ing the con cep tual de po si tion ar chi tec ture
with the Tau model, gives the best re sults. The ad van tage of
this model is the abil ity to take into ac count the con tri bu tion of
the aux il iary vari able in for ma tion to the un der stand ing of the
state in ves ti gated. This fea ture is known in the lit er a ture as re -
dun dancy (Caers, 2011). This method gives much better re -
sults than the clas sic ad di tive meth ods, which largely ap proach
the ag gre gate av er aged value of con di tional prob a bil ity and
lose an im por tant at trib ute which stands as the ba sis of
Bayesian in fer ence.

The Shan non en tropy the o rem has found to be a use ful
mea sure, both global and lo cal, de scrib ing the amount of in for -
ma tion needed to exhaustively de scribe the sys tem in ves ti -
gated. The goal of the min i mum en tropy state can be achieved
by ap pli ca tion of it er a tion in a sim u la tion pro ce dure and link ing
sets of aux il iary vari ables in tro duc ing con cep tu ally de vel oped
prob a bil ity mod els or ref er ence im ages. Con se quently, this ap -
proach can con trib ute to the re duc tion of in vest ment risk as -
sess ment at the stage of plan ning ex plo ra tion field work
(Wellman and Regenauer-Lieb, 2012). Add ing the con cep tual

ideas of lithofacies re la tions us ing 3D prob a bil ity cubes sig nif i -
cantly im proved the re sults of the anal y sis of Shan non en tropy
which in di cates the rel a tively great est un cer tainty only for the
zone of di rect lithofacies con tacts and thin in ter ca la tions. Ap pli -
ca tion of a loop ing pro ce dure in sim u la tion runs showed that
con sec u tive prob a bil ity mod els com puted from mul ti ple re al iza -
tions are char ac ter ized by re duced Shan non en tropy.

The com par i son of many dis crete vari able sim u la tion meth -
ods, ef fec tive in the re con struc tion of spe cific depositional sys -
tems with dif fer ent in puts of sec ond ary data, al lowed for the ver -
i fi ca tion of hy poth e ses de scrib ing the spa tial or ga ni za tion of
lithofacies, and to some ex tent for the de scrip tion of the depo -
sitional pro cesses of am ber ac cu mu la tions. The amount of in -
for ma tion con tained in the source data de pends on many fac -
tors, i.e. spa tial con fig u ra tion, mea sure ment er ror, na ture of the
pro cess ana lysed, mea sure ment meth od ol ogy and the scale of
the area cov ered by the anal y sis. The in flu ence of these el e -
ments can be quan ti ta tively eval u ated by Shan non en tropy.

Ac knowl edge ments. I would like to thank an anon y mous
re view ers for many help ful sug ges tions and ef fi cient ed i to rial
hand ing, which im proved the qual ity of manu script.
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